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Abstract
We construct M-theory on the orbifold C2/ZN by coupling 11-dimensional supergravity to a seven-
dimensional Yang-Mills theory located on the orbifold fixed plane. It is shown that the resulting
action is supersymmetric to leading non-trivial order in the 11-dimensional Newton constant. This
action provides the starting point for a reduction of M-theory on G2 spaces with co-dimension
four singularities.
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1 Introduction
It has been known for a long time that compactification of 11-dimensional supergravity on seven-
dimensional manifolds leads to non-chiral four-dimensional effective theories [1, 2] and does, therefore,
not provide a viable framework for particle phenomenology. With the construction of M-theory on
the orbifold S1/Z2×R1,9, Horˇava and Witten [3] demonstrated for the first time that the situation can
be quite different for compactifications on singular spaces. In fact, they showed that new states in the
form of two 10-dimensional E8 super-Yang-Mills multiplets, located on the two 10-dimensional fixed
planes of this orbifold, had to be added to the theory for consistency and they explicitly constructed
the corresponding supergravity theory by coupling 11-dimensional supergravity in the bulk to these
super-Yang-Mills theories. It soon became clear that this theory allows for phenomenologically
interesting Calabi-Yau compactifications [4]-[6] and, as the strong-coupling limit of the heterotic
string, should be regarded as a promising avenue towards particle phenomenology from M-theory.
More recently, it has been discovered that phenomenologically interesting theories can also be
obtained by M-theory compactification on singular spaces with G2 holonomy [7]-[20]. More precisely,
in such compactifications, certain co-dimension four singularities within the G2 space lead to low-
energy non-Abelian gauge fields [7, 8] while co-dimension seven singularities can lead to matter
fields [9, 10, 8]. In contrast, M-theory compactifications on G2 manifolds reduce to four-dimensional
N = 1 theories with only Abelian vector multiplets and uncharged chiral multiplets. Our focus in
the present paper will be the non-Abelian gauge fields arising from co-dimension four singularities.
The structure of the G2 space close to such a singularity is of the form C
2/D × B, where D is one
of the discrete ADE subgroups of SU(2) and B is a three-dimensional space. We will, for simplicity,
focus on A-type singularities, that is D = ZN , which lead to gauge fields with gauge group SU(N). A
large class of singular G2 spaces containing such singularities has been obtained in [21], by orbifolding
seven tori [22]. It was shown that, within this class of examples, the possible values of N are 2, 3,
4 and 6. However, in this paper, we keep N general, given that there may be other constructions
which lead to more general N . The gauge fields are located at the fixed point of C2/ZN (the origin
of C2) times B×R1,3, where R1,3 is the four-dimensional uncompactified space-time, and are, hence,
seven-dimensional in nature. One would, therefore, expect there to exist a supersymmetric theory
which couples M-theory on the orbifold C2/ZN to seven-dimensional super-Yang-Mills theory. It is
the main purpose of the present paper to construct this theory explicitly.
Although motivated by the prospect of applications to G2 compactifications, we will formulate
this problem in a slightly more general context, seeking to understand the general structure of low-
energy M-theory on orbifolds of ADE type. Concretely, we will construct 11-dimensional supergravity
on the orbifold C2/ZN × R1,6 coupled to seven-dimensional SU(N) super-Yang-Mills theory located
on the orbifold fixed plane {0}×R1,6. For ease of terminology, we will also refer to this orbifold plane,
somewhat loosely as the “brane”. This result can then be applied to compacitifications of M-theory
on G2 spaces with C
2/ZN singularities, as well as to other problems (for example M-theory on certain
singular limits of K3). We stress that this construction is very much in the spirit of the Horˇava-
Witten theory [3], which couples 11-dimensional supergravity on S1/Z2 × R1,9 to 10-dimensional
super-Yang-Mills theory.
Let us briefly outline our method to construct this theory which relies on combining informa-
tion from the known actions of 11-dimensional [23, 24] and seven-dimensional supergravity [25]-[27].
Firstly, we constrain the field content of 11-dimensional supergravity (the “bulk fields”) to be com-
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patible with the ZN orbifolding symmetry. We will call the Lagrangian for this constrained version
of 11-dimensional supergravity L11. As a second step this action is truncated to seven dimensions,
by requiring all fields to be independent of the coordinates y of the orbifold C2/ZN (or, equivalently,
constraining it to the orbifold plane at y = 0). The resulting Lagrangian, which we call L11|y=0, is
invariant under half of the original 32 supersymmetries and represents a seven-dimensional N = 1
supergravity theory which turns out to be coupled to a single U(1) vector multiplet for N > 2 or three
U(1) vector multiplets for N = 2. As a useful by-product, we obtain an explicit identification of the
(truncated) 11-dimensional bulk fields with the standard fields of 7-dimensional Einstein-Yang-Mills
(EYM) supergravity. We know that the additional states on the orbifold fixed plane should form a
seven-dimensional vector multiplet with gauge group SU(N). In a third step, we couple these addi-
tional states to the truncated seven-dimensional bulk theory L11|y=0 to obtain a seven-dimensional
EYM supergravity LSU(N) with gauge group U(1)×SU(N) for N > 2 or U(1)3×SU(N) for N = 2.
We note that, given a fixed gauge group the structure of LSU(N) is essentially determined by seven-
dimensional supergravity. We further write this theory in a form which explicitly separates the bulk
degrees of freedom (which we have identified with 11-dimensional fields) from the degrees of freedom
in the SU(N) vector multiplets. Given this preparation we prove in general that the action
S11−7 =
∫
M11
d11x
[
L11 + δ(4)(yA)
(
LSU(N) − κ8/9L11
)]
(1.1)
is supersymmetric to leading non-trivial order in an expansion in κ, the 11-dimensional Newton con-
stant. Inserting the various Lagrangians with the appropriate field identifications into this expression
then provides us with the final result.
The plan of the paper is as follows. In Section 2 we remind the reader of the action of 11-
dimensional supergravity. As mentioned above this is to be our bulk theory. We then go on to
discuss the constraints that arise on the fields from putting this theory on the orbifold. We also lay
out our conventions for rewriting 11-dimensional fields according to a seven plus four split of the
coordinates. In Section 3 we examine our bulk Lagrangian constrained to the orbifold plane and recast
it in standard seven-dimensional form. The proof that the action (1.1) is indeed supersymmetric to
leading non-trivial order is presented in Section 4. Finally, in Section 5 we present the explicit result
for the coupled 11-/7-dimensional action and the associated supersymmetry transformations. We
end with a discussion of our results and an outlook on future directions. Three appendices present
technical background material. In Appendix A we detail our conventions for spinors in eleven, seven
and four dimensions and describe how we decompose 11-dimensional spinors. We also give some
useful spinor identities. In Appendix B we have collected some useful group-theoretical information
related to the cosets SO(3,M)/SO(3)×SO(M) of d = 7 EYM supergravity which will be used in the
reduction of the bulk theory to seven-dimensions. The final Appendix is a self-contained introduction
to EYM supergravity in seven dimensions.
2 Eleven-dimensional supergravity on the orbifold
In this section we begin our discussion of M-theory on MN11 = R1,6 × C2/ZN by describing the bulk
action and the associated bulk supersymmetry transformations. We recall that fields propagating
on orbifolds are subject to certain constraints on their configurations and proceed by listing and
explaining these. First however we lay out our conventions, and briefly describe the decomposition
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of spinors in a four plus seven split of the coordinates.
We take space-time to have mostly positive signature, that is (− + + . . .+), and use indices
M,N, . . . = 0, 1, . . . , 10 to label the 11-dimensional coordinates (xM ). It is often convenient to
split these into four coordinates yA, where A,B, . . . = 7, 8, 9, 10, in the directions of the orbifold
C
2/ZN and seven remaining coordinates x
µ, where µ, ν, . . . = 0, 1, 2, . . . , 6, on R1,6. Frequently, we
will also use complex coordinates (zp, z¯p¯) on C2/ZN , where p, q, . . . = 1, 2, and p¯, q¯, . . . = 1¯, 2¯ label
holomorphic and anti-holomorphic coordinates, respectively. Underlined versions of all the above
index types denote the associated tangent space indices.
All 11-dimensional spinors in this paper are Majorana. Having split coordinates into four- and
seven-dimensional parts it is useful to decompose 11-dimensional Majorana spinors accordingly as
tensor products of SO(1, 6) and SO(4) spinors. To this end, we introduce a basis of left-handed SO(4)
spinors {ρi} and their right-handed counterparts {ρ¯} with indices i, j, . . . = 1, 2 and ı¯, ¯, . . . = 1¯, 2¯.
Up to an overall rescaling, this basis can be defined by the relations γAρi =
(
γA
) i
¯
ρ¯. An 11-
dimensional spinor ψ can then be written as
ψ = ψi(x, y)⊗ ρi + ψ¯(x, y)⊗ ρ¯, (2.1)
where the 11-dimensional Majorana condition on ψ forces ψi(x, y) and ψ¯(x, y) to be SO(1, 6) sym-
plectic Majorana spinors. In the following, for any 11-dimensional Majorana spinor we will denote
its associated seven-dimensional symplectic Majorana spinors by the same symbol with additional i
and ı¯ indices. A full account of spinor conventions used in this paper, together with a derivation of
the above decomposition can be found in Appendix A.
With our conventions in place, we proceed by reviewing 11-dimensional supergravity [23, 24, 3].
Its field content consists of the vielbein eM
M and associated metric gMN = ηMNe
M
M e
N
N , the three-
form field C, with field strength G = dC, and the gravitino ΨM . In this paper we shall not compute
any four fermi terms (and associated cubic fermion terms in the supersymmetry transformations),
and so we shall neglect them throughout. The action is given by
S11 = 1
κ2
∫
MN
11
d11x
√−g
(
1
2
R− 1
2
Ψ¯MΓ
MNP∇NΨP − 1
96
GMNPQG
MNPQ
− 1
192
(
Ψ¯MΓ
MNPQRSΨS + 12Ψ¯
NΓPQΨR
)
GNPQR
)
(2.2)
− 1
12κ2
∫
MN
11
C ∧G ∧G+ . . .
where the dots stand for terms quartic in the gravitino. Here κ is the 11-dimensional Newton
constant, ΓM1M2...Mn denote anti-symmetrized products of gamma matrices in the usual way, and
∇I is the spinor covariant derivative, defined in terms of the spin connection ω by
∇M = ∂M + 1
4
ω
MN
M ΓMN . (2.3)
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The transformation laws of local supersymmetry, parameterized by the spinor η, read
δe
N
M = η¯Γ
NΨM
δCMNP = −3η¯Γ[MNΨP ] (2.4)
δΨM = 2∇Mη + 1
144
(
Γ NPQRM − 8δNMΓPQR
)
ηGNPQR + . . . ,
where the dots denote terms cubic in the gravitino.
In order for the above bulk theory to be consistent on the orbifold C2/ZN × R1,6 we need to
constrain fields in accordance with the ZN orbifold action. Let us now discuss in detail how this
works.
We denote by R the SO(4) matrix of order N that generates the ZN symmetry on our orbifold.
This matrix acts on the 11-dimensional coordinates as (x, y) → (x,Ry) which implies the existence
of a seven-dimensional fixed plane characterized by {y = 0}. For a field X to be well-defined on the
orbifold it must satisfy
X(x,Ry) = Θ(R)X(x, y) (2.5)
for some linear operator Θ(R) that represents the generator of ZN . In constructing our theory we
have to choose, for each field, a representation Θ of ZN for which we wish to impose this constraint.
For the theory to be well-defined, these choices of representations must be such that the action (2.2)
is invariant under the ZN orbifold symmetry. Concretely, what we do is choose how each index type
transforms under ZN . We take R ≡ (RAB) to be the transformation matrix acting on curved four-
dimensional indices A,B, . . . while the generator acting on tangent space indices A,B, . . . is some
other SO(4) matrix T
A
B . It turns out that this matrix must be of order N for the four-dimensional
components of the vielbein to remain non-singular at the orbifold fixed plane. Seven-dimensional
indices µ, ν, . . . transform trivially. Following the correspondence Eq. (2.1), 11-dimensional Majorana
spinors ψ are described by two pairs ψi and ψı¯ of seven-dimensional symplectic Majorana spinor.
We should, therefore, specify how the ZN symmetry acts on indices of type i and ı¯. Supersymmetry
requires that at least some spinorial degrees of freedom survive at the orbifold fixed plane. For this
to be the case, one of these type of indices, i say, must transform trivially. Invariance of fermionic
terms in the action (2.2) requires that the other indices, that is those of type ı¯, be acted upon by a
U(2) matrix S ¯ı¯ that satisfies the equation
Sı¯
k¯
(
γA
) 
k¯
= TAB
(
γB
)
ı¯

. (2.6)
Given this basic structure, the constraints satisfied by the fields are as follows
e νµ (x,Ry) = e
ν
µ (x, y), (2.7)
e
ν
A (x,Ry) = (R
−1) BA e
ν
B (x, y), (2.8)
e Aµ (x,Ry) = T
A
Be
B
µ (x, y), (2.9)
e
B
A (x,Ry) = (R
−1) CA T
B
De
D
C (x, y), (2.10)
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Cµνρ(x,Ry) = Cµνρ(x, y), (2.11)
CµνA(x,Ry) = (R
−1) BA CµνB(x, y), etc. (2.12)
Ψµi(x,Ry) = Ψµi(x, y), (2.13)
Ψµı¯(x,Ry) = S
¯
ı¯ Ψµ¯(x, y), (2.14)
ΨAi(x,Ry) = (R
−1) BA ΨBi(x, y), (2.15)
ΨAı¯(x,Ry) = (R
−1) BA S
¯
ı¯ ΨB¯(x, y). (2.16)
Furthermore, covariance of the supersymmetry transformation laws with respect to ZN requires
ηi(x,Ry) = ηi(x, y), (2.17)
ηı¯(x,Ry) = S
¯
ı¯ η¯(x, y). (2.18)
In complex coordinates (zp, z¯p¯), it is convenient to represent R by the following matrices
(Rpq) = e
2iπ/N
12, (R
p¯
q¯) = e
−2iπ/N
12, (R
p¯
q) = (R
p
q¯) = 0 . (2.19)
Using this representation, the constraint (2.10) implies
ep
A = e−2iπ/NTAB ep
B . (2.20)
Hence, for the vierbein eA
B to be non-singular T must have two eigenvalues e2iπ/N . Similarly, the
conjugate of the above equation shows that T should have two eigenvalues e−2iπ/N . Therefore, in an
appropriate basis we can use the following representation
(T pq) = e
2iπ/N
12 , (T
p¯
q¯) = e
−2iπ/N
12 . (2.21)
Given these representations for R and T , the matrix S is uniquely fixed by Eq. (2.6) to be
(Si
j) = e2iπ/N12 . (2.22)
We will use the explicit form of R, T and S above to analyze the degrees of freedom when we truncate
fields to be y independent.
When the 11-dimensional fields are taken to be independent of the orbifold y coordinates, the
constraints (2.7)–(2.16) turn into projection conditions, which force certain field components to
vanish. As we will see shortly, the surviving field components fit into seven-dimensional N = 1
supermultiplets, a confirmation that we have chosen the orbifold ZN action on fields compatible
with supersymmetry. More precisely, for the case N > 2, we will find a seven-dimensional gravity
multiplet and a single U(1) vector multiplet. Hence, we expect the associated seven-dimensional
N = 1 Einstein-Yang-Mills (EYM) supergravity to have gauge group U(1). For Z2 the situation is
slightly more complicated, since, unlike for N > 2, some of the field components which transform
bi-linearly under the generators are now invariant. This leads to two additional vector multiplets,
so that the associated theory is a seven-dimensional N = 1 EYM supergravity with gauge group
U(1)3. In the following section, we will write down this seven-dimensional theory, both for N = 2
and N > 2, and find the explicit identifications of truncated 11-dimensional fields with standard
seven-dimensional supergravity fields.
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3 Truncating the bulk theory to seven dimensions
In this section, we describe in detail how the bulk theory is truncated to seven dimensions. We
recall from the introduction that this constitutes one of the essential steps in the construction of the
theory. As a preparation, we explicitly write down the components of the 11-dimensional fields that
survive on the orbifold plane and work out how these fit into seven-dimensional super-multiplets.
We then describe, for each orbifold, the seven-dimensional EYM supergravity with the appropri-
ate field content. By an explicit reduction of the 11-dimensional theory and comparison with this
seven-dimensional theory, we find a list of identification between 11- and 7-dimensional fields which
is essential for our subsequent construction.
To discuss the truncated field content, we use the representations (2.19), (2.21), (2.22) of R, T
and S and the orbifold conditions (2.7)-(2.16) for y independent fields. For N > 2 we find that the
surviving components are given by gµν , e
q
p , Cµνρ, Cµpq¯, Ψµi, (Γ
pΨp)i and (Γ
p¯Ψp¯)i. Meanwhile, the
spinor η which parameterizes supersymmetry reduces to ηi, a single symplectic Majorana spinor,
which corresponds to seven-dimensional N = 1 supersymmetry. Comparing with the structure of
seven-dimensional multiplets (see Appendix C for a review of seven-dimensional EYM supergravity),
these field components fill out the seven-dimensional supergravity multiplet and a single U(1) vector
multiplet. For the case of the Z2 orbifold, a greater field content survives, corresponding in seven-
dimensions to a gravity multiplet plus three U(1) vector multiplets. The surviving fields in this
case are expressed most succinctly by gµν , e
B
A , Cµνρ, CµAB , Ψµi and ΨAı¯. The spinor η which
parameterizes supersymmetry again reduces to ηi, a single symplectic Majorana spinor.
These results imply that the truncated bulk theory is a seven-dimensional N = 1 EYM super-
gravity with gauge group U(1)n, where n = 1 for N > 2 and n = 3 for N = 2. In the following,
we discuss both cases and, wherever possible, use a unified description in terms of n, which can be
set to either 1 or 3, as appropriate. The correspondence between 11-dimensional truncated fields
and seven-dimensional supermultiplets is as follows. The gravity super-multiplet contains the purely
seven-dimensional parts of the 11-dimensional metric, gravitino and three-form, that is, gµν , Ψµi and
Cµνρ, along with three vectors from CµAB , a spinor from ΨAı¯ and the scalar det(e
B
A ). The remaining
degrees of freedom, that is, the remaining vector(s) from CµAB , the remaining spinor(s) from ΨAı¯
and the scalars contained in v
B
A := det(e
B
A )
−1/4e
B
A , the unit-determinant part of e
B
A , fill out n
seven-dimensional vector multiplets. The n + 3 Abelian gauge fields transform under the SO(3, n)
global symmetry of the d = 7 EYM supergravity while the vector multiplet scalars parameterize the
coset SO(3, n)/SO(3)×SO(n). Let us describe how such coset spaces are obtained from the vierbein
v
B
A , starting with the generic case N > 2 with seven-dimensional gauge group U(1), that is, n = 1.
In this case, the rescaled vierbein v
B
A reduces to v
q
p , which represents a set of 2× 2 matrices with
determinant one, identified by SU(2) transformations acting on the tangent space index. Hence,
these matrices form the coset SL(2,C)/SU(2) which is isomorphic to SO(3, 1)/SO(3), the correct
coset space for n = 1. For the special Z2 case, which implies n = 3, the whole of v
B
A is present and
forms the coset space SL(4,R)/SO(4). This space is isomorphic to SO(3, 3)/SO(3)2 which is indeed
the correct coset space for n = 3.
We now briefly review seven-dimensional EYM supergravity with gauge group U(1)n. A more
general account of seven-dimensional supergravity including non-Abelian gauge groups can be found
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in Appendix C. The seven-dimensional N = 1 supergravity multiplet contains the vielbein e˜ νµ , the
gravitino ψµi, a triplet of vectors A
j
µi with field strengths F
j
i = dA
j
i , a three-form C˜ with field
strength G˜ = dC˜, a spinor χi, and a scalar σ. A seven-dimensional vector multiplet contains a
U(1) gauge field Aµ with field strength F = dA, a gaugino λi and a triplet of scalars φ
j
i . Here,
all spinors are symplectic Majorana spinors and indices i, j, . . . = 1, 2 transform under the SU(2)
R-symmetry. For ease of notation, the three vector fields in the supergravity multiplet and the
n additional Abelian gauge fields from the vector multiplet are combined into a single SO(3, n)
vector AIµ, where I, J, . . . = 1, . . . , n + 3. The coset space SO(3, n)/SO(3) × SO(n) is described by
a (3 + n) × (3 + n) matrix ℓ JI , which depends on the 3n vector multiplet scalars and satisfies the
SO(3, n) orthogonality condition
ℓ
J
I ℓ
L
K ηJL = ηIK (3.1)
with (ηIJ) = (ηIJ) = diag(−1,−1,−1,+1, . . . ,+1). Here, indices I, J, . . . = 1, . . . , (n + 3) transform
under SO(3, n). Their flat counterparts I, J . . . decompose into a triplet of SU(2), corresponding to
the gravitational directions and n remaining directions corresponding to the vector multiplets. Thus
we can write ℓ
J
I → (ℓ uI , ℓ αI ), where u = 1, 2, 3 and α = 1, . . . , n. The adjoint SU(2) index u can be
converted into a pair of fundamental SU(2) indices by multiplication with the Pauli matrices, that
is,
ℓ iI j =
1√
2
ℓ uI (σu)
i
j. (3.2)
The Maurer-Cartan forms p and q of the matrix ℓ, defined by
p iµα j = ℓ
I
α∂µℓ
i
I j , (3.3)
q i kµ j l = ℓ
Ii
j∂µℓ
k
I l, (3.4)
q iµ j = ℓ
Ii
k∂µℓ
k
I j , (3.5)
will be needed as well.
With everything in place, we can now write down our expression for L(n)7 , the Lagrangian of
seven-dimensional N = 1 EYM supergravity with gauge group U(1)n [27]. Neglecting four-fermi
terms, it is given by
L(n)7 =
1
κ27
√
−g˜
{
1
2
R− 1
2
ψ¯iµΥ
µνρDˆνψρi − 1
4
e−2σ
(
ℓ iI jℓ
j
J i + ℓ
α
I ℓJα
)
F IµνF
Jµν
− 1
96
e4σG˜µνρσG˜
µνρσ − 1
2
χ¯iΥµDˆµχi − 5
2
∂µσ∂
µσ +
√
5
2
(
χ¯iΥµνψµi + χ¯
iψνi
)
∂νσ
−1
2
λ¯αiΥµDˆµλαi − 1
2
p iµα jp
µαj
i −
1√
2
(
λ¯αiΥµνψµj + λ¯
αiψνj
)
p jνα i
+e2σG˜µνρσ
[
1
192
(
12ψ¯µiΥνρψσi + ψ¯
i
λΥ
λµνρστψτi
)
+
1
48
√
5
(
4χ¯iΥµνρψσi
7
−χ¯iΥµνρστψτi
)− 1
320
χ¯iΥµνρσχi +
1
192
λ¯αiΥµνρσλαi
]
−ie−σF Iµνℓ jI i
[
1
4
√
2
(
ψ¯iρΥ
µνρσψσj + 2ψ¯
µiψνj
)
+
1
2
√
10
(
χ¯iΥµνρψρj − 2χ¯iΥµψνj
)
+
3
20
√
2
χ¯iΥµνχj − 1
4
√
2
λ¯αiΥµνλαj
]
+e−σF IµνℓIα
[
1
4
(
2λ¯αiΥµψνi − λ¯αiΥµνρψρi
)
+
1
2
√
5
λ¯αiΥµνχi
]
− 1
96
ǫµνρσκλτCµνρF
I˜
σκFI˜ λτ
}
. (3.6)
In this Lagrangian the covariant derivatives of symplectic Majorana spinors ǫi are defined by
Dˆµǫi = ∂µǫi + 1
2
q jµi ǫj +
1
4
ω˜
µν
µ Υµνǫi. (3.7)
The associated supersymmetry transformations, parameterized by the spinor εi, are, up to cubic
fermion terms, given by
δσ =
1√
5
χ¯iεi ,
δe˜νµ = ε¯
iΥνψµi ,
δψµi = 2Dˆµεi − e
2σ
80
(
Υ νρσηµ −
8
3
δνµΥ
ρση
)
εiG˜νρση +
ie−σ
5
√
2
(
Υ νρµ − 8δνµΥρ
)
εjF
I
νρℓ
j
I i ,
δχi =
√
5Υµεi∂µσ − 1
24
√
5
ΥµυρσεiG˜µνρσe
2σ − i√
10
ΥµνεjF
I
µνℓ
j
I ie
−σ,
δC˜µνρ =
(
−3ψ¯i[µΥνρ]εi −
2√
5
χ¯iΥµνρεi
)
e−2σ, (3.8)
ℓ iI jδA
I
µ =
[
i
√
2
(
ψ¯iµεj −
1
2
δijψ¯
k
µεk
)
− 2i√
10
(
χ¯iΥµεj − 1
2
δijχ¯
kΥµεk
)]
eσ,
ℓ αI δA
I
µ = ε¯
iΥµλ
α
i e
σ ,
δℓ iI j = −i
√
2ε¯iλαjℓ
α
I +
i√
2
ε¯kλαkℓ
α
I δ
i
j ,
δℓ αI = −i
√
2ε¯iλαj ℓ
j
I i ,
δλαi = −
1
2
ΥµνεiF
I
µνℓ
α
I e
−σ +
√
2iΥµεjp
αi
µ j .
We now explain in detail how the truncated bulk theory corresponds to the above seven-dimensional
EYM supergravity with gauge group U(1)n, where n = 1 for the ZN orbifold with N > 2 and n = 3
for the special Z2 case. It is convenient to choose the seven-dimensional Newton constant κ7 as
κ7 = κ
5/9. The correspondence between 11- and 7-dimensional Lagrangians can then be written as
κ8/9L11|y=0= L(n)7 . (3.9)
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We have verified by explicit computation that this relation indeed holds for appropriate identifications
of the truncated 11-dimensional fields with the standard seven-dimensional fields which appear in
Eq. (3.6). For the generic ZN orbifold with N > 2 and n = 1, they are given by
σ =
3
20
ln det gAB, (3.10)
g˜µν = e
4
3
σgµν , (3.11)
ψµi = Ψµie
1
3
σ − 1
5
Υµ
(
ΓAΨA
)
i
e−
1
3
σ, (3.12)
C˜µνρ = Cµνρ, (3.13)
χi =
3
2
√
5
(
ΓAΨA
)
i
e−
1
3
σ, (3.14)
F Iµν = −
i
2
tr
(
σIGµν
)
, (3.15)
λi =
i
2
(
ΓpΨp − Γp¯Ψp¯
)
i
e−
1
3
σ, (3.16)
ℓ
J
I =
1
2
tr
(
σ¯Ivσ
Jv†
)
. (3.17)
Furthermore the seven-dimensional supersymmetry spinor εi is related to its 11-dimensional coun-
terpart η by
εi = e
1
3
σηi. (3.18)
In these identities, we have defined the matrices Gµν ≡ (Gµνpq¯), v ≡ (e5σ/6ep¯q¯) and made use of the
standard SO(3, 1) Pauli matrices σI , defined in Appendix B. For the Z2 orbifold we have n = 3 and,
therefore, two additional U(1) vector multiplets. Not surprisingly, field identification in the gravity
multiplet sector is unchanged from the generic case and still given by Eqs. (3.10)-(3.14). It is in the
vector multiplet sector, where the additional states appear, that we have to make a distinction. For
the bosonic vector multiplet fields we find
F Iµν = −
1
4
tr
(
T IGµν
)
, (3.19)
ℓ
J
I =
1
4
tr
(
T¯IvT
JvT
)
, (3.20)
where now Gµν ≡ (GµνAB) and v ≡ (e5σ/6eAB). Here, T I are the six SO(4) generators, which are
explicitly given in Appendix B.
4 General form of the supersymmetric bulk-brane action
In this section, we present our general method of construction for the full action, which combines 11-
dimensional supergravity with the seven-dimensional super-Yang-Mills theory on the orbifold plane
in a supersymmetric way. Main players in this construction will be the constrained 11-dimensional
bulk theory L11, as discussed in Section 2, its truncation to seven dimensions, L(n)7 , which has been
discussed in the previous section and corresponds to a d = 7 EYM supergravity with gauge group
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U(1)n and LSU(N), a d = 7 EYM supergravity with gauge group U(1)n×SU(N). The SU(N) gauge
group in the latter theory corresponds, of course, to the additional SU(N) gauge multiplet which
one expects to arise for M-theory on the orbifold C2/ZN .
Let us briefly discuss the physical origin of these SU(N) gauge fields on the orbifold fixed plane.
It is well-known [2, 28], that the N −1 Abelian U(1) gauge fields within SU(N) are already massless
for a smooth blow-up of the orbifold C2/ZN by an ALE manifold. More precisely, they arise as zero
modes of the M-theory three-form on the blow-up ALE manifold. The remaining vector fields arise
from membranes wrapping the two-cycles of the ALE space and become massless only in the singular
orbifold limit, when these two-cycles collapse. For our purposes, the only relevant fact is that all
these SU(N) vector fields are located on the orbifold fixed plane. This allows us to treat the Abelian
and non-Abelian parts of SU(N) on the same footing, despite their different physical origin.
We claim that the action for the bulk-brane system is given by
S11−7 =
∫
MN
11
d11x
[
L11 + δ(4)(yA)Lbrane
]
, (4.1)
where
Lbrane = LSU(N) − L(n)7 . (4.2)
Here, as before, L11 is the Lagrangian for 11-dimensional supergravity (2.2) with fields constrained in
accordance with the orbifold ZN symmetry, as discussed in Section 2. The Lagrangian L(n)7 describes
a seven-dimensional N = 1 EYM theory with gauge group U(1)n. Choosing n = 1 for generic ZN
with N > 2 and n = 3 for Z2, this Lagrangian corresponds to the truncation of the bulk Lagrangian
L11 to seven dimensions, as we have shown in the previous section. This correspondence implies
identifications between truncated 11-dimensional bulk fields and the fields in L(n)7 , which have also
been worked out explicitly in the previous section (see Eqs. (3.10)–(3.17) for the case N > 2 and
Eqs. (3.10)–(3.14) and (3.19)–(3.20) for N = 2). These identifications are also considered part of the
definition of the Lagrangian (4.1). The new Lagrangian LSU(N) is that of seven-dimensional EYM
supergravity with gauge group U(1)n×SU(N), where, as usual, n = 1 for generic ZN with N > 2 and
n = 3 for Z2. This Lagrangian contains the “old” states in the gravity multiplet and the U(1)
n gauge
multiplet and the “new” states in the SU(N) gauge multiplet. We will think of the former states
as being identified with the truncated 11-dimensional bulk states by precisely the same relations we
have used for L(n)7 . The idea of this construction is, of course, that in Lbrane the pure supergravity
and U(1)n vector multiplet parts cancel between LSU(N) and L(n)7 , so that we remain with “pure”
SU(N) theory on the orbifold plane. For this to work out, we have to choose the seven-dimensional
Newton constant κ7 within LSU(N) to be the same as the one in L(n)7 , that is
κ7 = κ
5/9 . (4.3)
The supersymmetry transformation laws for the action (4.1) are schematically given by
δ11 = δ
11
11 + κ
8/9δ(4)(yA)δ brane11 , (4.4)
δ7 = δ
SU(N)
7 , (4.5)
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where
δ brane11 = δ
SU(N)
11 − δ 1111 . (4.6)
Here δ11 and δ7 denote the supersymmetry transformation of bulk fields and fields on the orbifold
fixed plane, respectively. A superscript 11 indicates a supersymmetry transformation law of L11, as
given in equations (2.4), and a superscript SU(N) indicates a supersymmetry transformation law of
LSU(N), as can be found by substituting the appropriate gauge group into equations (C.16). These
transformation laws are parameterized by a single 11-dimensional spinor, with the seven-dimensional
spinors in δ
SU(N)
11 and δ
SU(N)
7 being simply related to this 11-dimensional spinor by equation (3.18).
On varying S11−7 with respect to these supersymmetry transformations we find
δS11−7 = −
∫
M11
d11xδ(4)(yA)
(
1− κ8/9δ(4)(yA)
)
δ brane11 Lbrane. (4.7)
At first glance, the occurrence of delta-function squared terms is concerning. However, as in Horˇava-
Witten theory [3], we can interpret the occurrence of these terms as a symptom of attempting to
treat in classical supergravity what really should be treated in quantum M-theory. It is presumed
that in proper quantum M-theory, fields on the brane penetrate a finite thickness into the bulk, and
that there would be some kind of built-in cutoff allowing us to replace δ(4)(0) by a finite constant
times κ−8/9. If we could set this constant to one and formally substitute
δ(4)(0) = κ−8/9 (4.8)
then the above integral would vanish.
As in Ref. [3], we can avoid such a regularization if we work only to lowest non-trivial order in
κ, or, more precisely to lowest non-trivial order in the parameter h = κ7/gYM. Note that h has
dimension of inverse energy. To determine the order in h of various terms in the Lagrangian we need
to fix a convention for the energy dimensions of the fields. We assign energy dimension 0 to bulk
bosonic fields and energy dimension 1/2 to bulk fermions. This is consistent with the way we have
written down 11-dimensional supergravity (2.2). In terms of seven-dimensional supermultiplets this
tells us to assign energy dimension 0 to the gravity multiplet and the U(1) vector multiplet bosons
and energy dimension 1/2 to the fermions in these multiplets. For the SU(N) vector multiplet, that
is for the brane fields, we assign energy dimension 1 to the bosons and 3/2 to the fermions. With
these conventions we can expand
LSU(N) = κ−27
(L(0) + h2L(2) + h4L(4) + . . .) , (4.9)
where the L(m), m = 0, 2, 4, . . . are independent of h. The first term in this series is equal to L(n)7 ,
and therefore the leading order contribution to Lbrane is precisely the second term of order h2 in the
above series. It turns out that, up to this order, the action S11−7 is supersymmetric under (4.4) and
(4.5). To see this we also expand the supersymmetry transformation in orders of h, that is
δ
SU(N)
11 = δ
(0)
11 + h
2δ
(2)
11 + h
4δ
(4)
11 + . . . . (4.10)
Using this expansion and Eq. (4.9) one finds that the uncanceled variation (4.7) is, in fact, of order
h4. This means the action (4.1) is indeed supersymmetric up to order h2 and can be used to write
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down a supersymmetric theory to this order. This is exactly what we will do in the following section.
We have also checked explicitly that the terms of order h4 in Eq. (4.7) are non-vanishing, so that
our method cannot be extended straightforwardly to higher orders.
A final remark concerns the value of the Yang-Mills gauge coupling gYM. The above construction
does not fix the value of this coupling and our action is supersymmetric to order h2 for all values of
gYM. However, within M-theory one expects gYM to be fixed in terms of the 11-dimensional Newton
constant κ. Indeed, reducing M-theory on a circle to IIA string theory, the orbifold seven-planes
turn into D6 branes whose tension is fixed in terms of the string tension [29]. By a straightforward
matching procedure this fixes the gauge coupling to be [16]
g2YM = (4π)
4/3κ2/3 . (4.11)
5 The explicit bulk/brane theory
In this section, we give a detailed description of M-theory on MN11 = R1,6 × C2/ZN , taking account
of the additional states that appear on the brane. We begin with a reminder of how the bulk fields,
truncated to seven dimensions, are identified with the fields that appear in the seven-dimensional
supergravity Lagrangians from which the theory is constructed. Then we write down our full La-
grangian, and present the supersymmetry transformation laws.
As discussed in the previous section, the full Lagrangian is constructed from three parts, the
Lagrangian of 11-dimensional supergravity L11 with bulk fields constrained by the orbifold action,
L(n)7 , the Lagrangian of seven-dimensional EYM supergravity with gauge group U(1)n and LSU(N),
the Lagrangians for seven-dimensional EYM supergravity with gauge group U(1)n × SU(N). The
Lagrangian L11 has been written down and discussed in Section 2, whilst L(n)7 has been dealt with
in Section 3. The final piece, LSU(N), is discussed in Appendix C, where we provide the reader
with a general review of seven-dimensional supergravity theories. Crucial to our construction is the
way in which we identify the fields in the supergravity and U(1)n gauge multiplets of the latter two
Lagrangians with the truncated bulk fields. Let us recall the structure of this identification which
has been worked out in Section 3. The bulk fields truncated to seven dimensions form a d = 7
gravity multiplet and n U(1) vector multiplets, where n = 1 for the general ZN orbifold with N > 2
and n = 3 for the Z2 orbifold. The gravity multiplet contains the purely seven-dimensional parts
of the 11-dimensional metric, gravitino and three-form, that is, gµν , Ψµi and Cµνρ, along with three
vectors from CµAB , a spinor from ΨAı¯ and the scalar det(e
B
A ). Meanwhile, the vector multiplets
contain the remaining vectors from CµAB , the remaining spinors from ΨAı¯ and the scalars contained
in v
B
A := det(e
B
A )
−1/4e
B
A , the unit-determinant part of e
B
A . The gravity and U(1) vector fields
naturally combine together into a single entity AIµ, I = 1, . . . (n + 3), where the index I transforms
tensorially under a global SO(3, n) symmetry. Meanwhile, the vector multiplet scalars naturally
combine into a single (3+n)×(3+n) matrix ℓ which parameterizes the coset SO(3, n)/SO(3)×SO(n).
The precise mathematical form of these identifications is given in equations (3.10)-(3.17) for the
general ZN orbifold with N > 2, and equations (3.10)-(3.14) and (3.19)-(3.20) for the Z2 orbifold.
In addition to those states which arise from projecting bulk states to the orbifold fixed plane the
Lagrangian LSU(N) also contains a seven-dimensional SU(N) vector multiplet, which is genuinely
located on the orbifold plane. It consists of gauge fields Aaµ with field strengths F
a = DAa, gauginos
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λai , and SU(2) triplets of scalars φ
i
a j . These fields are in the adjoint of SU(N) and we use a, b, . . . =
4, . . . , (N2 + 2) for su(N) Lie algebra indices. It is important to write LSU(N) in a form where the
SU(N) states and the gravity/U(1)n states are disentangled, since the latter must be identified with
truncated bulk states, as described above. For most of the fields appearing in LSU(N), this is just
a trivial matter of using the appropriate notation. For example, the vector fields in LSU(N) which
naturally combine into a single entity AI˜µ, where I˜ = 1, . . . , (3 + n + N
2 − 1), and transforms as a
vector under the global SO(3, n+N2 − 1) symmetry, can simply be decomposed as AI˜µ = (AIµ, Aaµ),
where AIµ refers to the three vector fields in the gravity multiplet and the U(1)
n vector fields and
Aaµ denotes the SU(N) vector fields. For gauge group U(1)
n × SU(N), the associated scalar fields
parameterize the coset SO(3, n + N2 − 1)/SO(3) × SO(n + N2 − 1). We obtain representatives L
for this coset by expanding around the bulk scalar coset SO(3, n)/SO(3) × SO(n), represented by
matrices ℓ, to second order in the SU(N) scalars Φ ≡ (φ ua ). For the details see Appendix C.2. This
leads to
L =
(
ℓ+ 12h
2ℓΦTΦ m hℓΦT
hΦ 0 1N2−1 +
1
2h
2ΦΦT
)
. (5.1)
We note that the neglected Φ terms are of order h3 and higher and, since we are aiming to construct
the action only up to terms of order h2, are, therefore, not relevant in the present context.
We are now ready to write down our final action. As discussed in Section 4, to order h2 ∼ g−2YM,
it is given by
S11−7 =
∫
MN
11
d11x
[
L11 + δ(4)(yA)Lbrane
]
, (5.2)
where
Lbrane = LSU(N) − L(n)7 , (5.3)
and n = 3 for the Z2 orbifold and n = 1 for ZN with N > 2. The bulk contribution, L11, is given
in equation (2.2), with bulk fields subject to the orbifold constraints (2.7)–(2.16). On the orbifold
fixed plane, L(n)7 acts to cancel all the terms in LSU(N) that only depend on bulk fields projected to
the orbifold plane. Thus none of the bulk gravity terms are replicated on the orbifold place. To find
Lbrane explicitly we need to expand LSU(N) in powers of h, using, in particular, the above expressions
for the gauge fields AI˜µ and the coset matrices L, and extract the terms of order h
2. The further
details of this calculation are provided in Appendix C. The result is
Lbrane = 1
g2YM
√
−g˜
{
−1
4
e−2σF aµνF
µν
a −
1
2
Dˆµφ ia jDˆµφaji −
1
2
λ¯aiΥµDˆµλai − e−2σℓ iI jφ ja iF IµνF aµν
−1
2
e−2σℓ iI jφ
aj
iℓ
k
J lφ
l
a kF
I
µνF
Jµν − 1
2
p iµα jφ
j
a ip
µαk
lφ
al
k
+
1
4
φ ia kDˆµφakj
(
ψ¯jνΥ
νµρψρi + χ¯
jΥµχi + λ¯
αjΥµλαi
)
− 1
2
√
2
(
λ¯αiΥµνψµj + λ¯
αiψνj
)
φ ja iφ
ak
lp
l
να k −
1√
2
(
λ¯aiΥµνψµj + λ¯
aiψνj
) Dˆνφ ja i
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+
1
192
e2σG˜µνρσλ¯
aiΥµνρσλai +
i
4
√
2
e−σF Iµνℓ
j
I iλ¯
aiΥµνλaj
− i
2
e−σ
(
F Iµνℓ
k
I lφ
al
kφ
j
a i + 2F
a
µνφ
j
a i
) [ 1
4
√
2
(
ψ¯iρΥ
µνρσψσj + 2ψ¯
µiψνj
)
+
3
20
√
2
χ¯iΥµνχj − 1
4
√
2
λ¯αiΥµνλαj +
1
2
√
10
(
χ¯iΥµνρψρj − 2χ¯iΥµψνj
)]
+e−σFaµν
[
1
4
(
2λ¯aiΥµψνi − λ¯aiΥµνρψρi
)
+
1
2
√
5
λ¯aiΥµνχi
]
+
1
4
e2σf abc fdeaφ
bi
kφ
ck
jφ
dj
lφ
el
i −
1
2
eσfabcφ
bi
kφ
ck
j
(
ψ¯jµΥ
µλai +
2√
5
χ¯jλ ai
)
− i√
2
eσf cab φ
i
c jλ¯
ajλbi +
i
60
√
2
eσf cab φ
al
kφ
bj
lφ
k
c j
(
5ψ¯iµΥ
µνψνi + 2
√
5ψ¯iµΥ
µχi
+3χ¯iχi − 5λ¯αiλαi
)− 1
96
ǫµνρσκλτ C˜µνρF
a
σκFaλτ
}
. (5.4)
Here f cab are the structure constants of SU(N). The covariant derivatives that appear are given by
DµAνa = ∂µAνa − Γ˜ρµνAρa + f cab AbµAcν , (5.5)
Dˆµλai = ∂µλai + 1
2
q jµi λaj +
1
4
ω˜
µν
µ Υµνλai + f
c
ab A
b
µλci, (5.6)
Dˆµφ ia j = ∂µφ ia j − q i kµ j lφ la k + f cab Abµφ ic j , (5.7)
with the Christoffel and spin connections Γ˜ and ω˜ taken in the seven-dimensional Einstein frame,
(with respect to the metric g˜). Finally, the quantities p and q are the Maurer-Cartan forms of the
bulk scalar coset matrix ℓ
J
I as given by equations (3.3)–(3.5). Once again, the identities for relating
the seven-dimensional gravity and U(1) vector multiplet fields to 11-dimensional bulk fields are given
in equations (3.10)–(3.17) for the generic ZN orbifold with N > 2, and equations (3.10)–(3.14) and
(3.19)–(3.20) for the Z2 orbifold. We stress that these identifications are part of the definition of the
theory.
The leading order brane corrections to the supersymmetry transformation laws (2.4) of the bulk
fields are computed using equations (4.4) and (4.5). They are given by
δbraneψµi =
κ27
g2YM
{
1
2
(
φ jak Dˆµφa ki − φa ki Dˆµφ jak
)
εj − i
15
√
2
Υµεif
c
ab φ
al
kφ
bj
lφ
k
c je
σ
+
i
10
√
2
(
Υ νρµ − 8δνµΥρ
)
εj
(
F Iνρℓ
k
I lφ
al
kφ
j
a i + 2F
a
νρφ
j
a i
)
e−σ
}
,
δbraneχi =
κ27
g2YM
{
− i
2
√
10
Υµνεj
(
F Iµνℓ
k
I lφ
al
kφ
j
a i + 2F
a
µνφ
j
a i
)
e−σ
+
i
3
√
10
εif
c
ab φ
al
kφ
bj
lφ
k
c je
σ
}
,
ℓ iI jδ
braneAIµ =
κ27
g2YM
{(
i√
2
ψ¯kµεl −
i√
10
χ¯kΥµεl
)
φalkφ
i
a je
σ − ε¯kΥµλakφ ia jeσ
}
, (5.8)
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ℓ αI δ
braneAIµ = 0,
δbraneℓ iI j =
κ27
g2YM
{
i√
2
[
ε¯kλαlφ
al
kφ
i
a jℓ
α
I + ε¯
lλakφ
ai
jℓ
k
I l −
(
ε¯iλaj − 1
2
δij ε¯
mλam
)
φalkℓ
k
I l
]}
,
δbraneℓ αI =
κ27
g2YM
{
− i√
2
ε¯iλαj φ
aj
iφ
l
a kℓ
k
I l
}
,
δbraneλαi =
κ27
g2YM
{
i√
2
Υµεjφ
j
ai p
αk
µ lφ
al
k
}
,
where εi is the 11-dimensional supersymmetry spinor η projected onto the orbifold plane, as given
in (3.18). We note that not all of the bulk fields receive corrections to their supersymmetry transfor-
mation laws. The leading order supersymmetry transformation laws of the SU(N) multiplet fields
are found using equation (4.5) and take the form
δAaµ = ε¯
iΥµλ
a
i e
σ −
(
i
√
2ψiµεj −
2i√
10
χ¯iΥµεj
)
φajie
σ,
δφ ia j = −i
√
2
(
ε¯iλaj − 1
2
δij ε¯
kλak
)
, (5.9)
δλai = −
1
2
Υµνεi
(
F Iµνℓ
j
I kφ
ak
j + F
a
µν
)
e−σ − i
√
2ΥµεjDˆµφa ji − iεjfabcφbjkφcki.
To make some of the properties of our result more transparent, it is helpful to extract the
bosonic part of the action. This bosonic part will also be sufficient for many practical applications.
We recall that the full Lagrangian (5.4) is written in the seven-dimensional Einstein frame to avoid
the appearance of σ–dependent pre-factors in many terms. The bosonic part, however, can be
conveniently formulated in terms of gµν , the seven-dimensional part of the 11-dimensional bulk
metric gMN . This requires performing the Weyl-rescaling (3.11). It also simplifies the notation if we
rescale the scalar σ as τ = 10σ/3, and drop the tilde from the three-form C˜µνρ and its field strength
G˜µνρσ , which exactly coincide with the purely seven-dimensional components of their 11-dimensional
counterparts. Let us now write down the purely bosonic part of our action, subject to these small
modifications. We find
S11−7,bos = S11,bos + S7,bos , (5.10)
where S11,bos is the bosonic part of 11-dimensional supergravity (2.2), with fields subject to the
orbifold constraints (2.7)–(2.12). Further, S7,bos is the bosonic part of Eq. (5.4), subject to the above
modifications, for which we obtain
S7,bos = 1
g2YM
∫
y=0
d7x
√−g
(
−1
4
HabF
a
µνF
bµν − 1
2
HaIF
a
µνF
Iµν − 1
4
(δH)IJF
I
µνF
Jµν
−1
2
eτ Dˆµφ ia jDˆµφaji −
1
2
(δK)αj βli k p
i
µα jp
µ k
β l +
1
4
DaijD
j
a i
)
− 1
4g2YM
∫
y=0
C ∧ F a ∧ Fa, (5.11)
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where
Hab = δab, (5.12)
HaI = 2ℓ
i
I jφ
j
a i, (5.13)
(δH)IJ = 2ℓ
i
I jφ
j
a iℓ
k
J lφ
l
a k, (5.14)
(δK)αj βli k = e
τ δαβφ ja iφ
al
k, (5.15)
Daij = e
τfabcφ
bi
kφ
ck
j. (5.16)
The gauge covariant derivative is denoted by D, whilst Dˆ is given by
Dˆµφ ia j = Dµφ ia j − q i kµ j lφ la k . (5.17)
The Maurer-Cartan forms p and q of the matrix of scalars ℓ are defined by
p iµα j = ℓ
I
α∂µℓ
i
I j, (5.18)
q i kµ j l = ℓ
Ii
j∂µℓ
k
I l. (5.19)
The bosonic fields localized on the orbifold plane are the SU(N) gauge vectors F a = DAa and the
SU(2) triplets of scalars φ ia j. All other fields are projected from the bulk onto the orbifold plane,
and there are algebraic equations relating them to the 11-dimensional fields in S11. As discussed
above, these relations are trivial for the metric gµν and the three-form Cµνρ, whilst the scalar τ is
given by
τ =
1
2
ln det gAB , (5.20)
and can be interpreted as an overall scale factor of the orbifold C2/ZN . For the remaining fields,
the “gravi-photons” F Iµν and the “orbifold moduli” ℓ
J
I , we have to distinguish between the generic
ZN orbifold with N > 2 and the Z2 orbifold. For ZN with N > 2 we have four U(1) gauge fields,
so that I = 1, . . . , 4, and ℓ
J
I parameterizes the coset SO(3, 1)/SO(3). They are identified with
11-dimensional fields through
F Iµν = −
i
2
tr
(
σIGµν
)
, (5.21)
ℓ
J
I =
1
2
tr
(
σ¯Ivσ
Jv†
)
, (5.22)
where Gµν ≡ (Gµνpq¯), v ≡ (eτ/4ep¯q¯) and σI are the SO(3, 1) Pauli matrices as given in Appendix B.
For the Z2 case, we have six U(1) vector fields, so that I = 1, . . . , 6, and ℓ
J
I parameterizes the coset
SO(3, 3)/SO(3)2 . The field identifications now read
F Iµν = −
1
4
tr
(
T IGµν
)
, (5.23)
ℓ
J
I =
1
4
tr
(
T¯IvT
JvT
)
, (5.24)
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where this time Gµν ≡ (GµνAB), v ≡ (eτ/4eAB), and T I are the generators of SO(4), as given in
Appendix B.
Let us discuss a few elementary properties of the bosonic action (5.11) on the orbifold plane,
starting with the gauge-kinetic functions (5.12)–(5.14). The first observation is, that the gauge-
kinetic function for the SU(N) vector fields is trivial (to the order we have calculated), which confirms
the result of Ref. [16]. On the other hand, we find non-trivial gauge kinetic terms between the SU(N)
vectors and the gravi-photons, as well as between the gravi-photons. We also note the appearance
of the Chern-Simons term C ∧ F a ∧ Fa, which has been predicted [11] from anomaly cancellation
in configurations which involve additional matter fields on conical singularities, but, in our case,
simply follows from the structure of seven-dimensional supergravity without any further assumption.
We note that, while there is no seven-dimensional scalar field term which depends only on orbifold
moduli, the scalar field kinetic terms in (5.11) constitute a complicated sigma model which mixes
the orbifold moduli and the scalars in the SU(N) vector multiplets. A further interesting feature
is the presence of the seven-dimensional D-term potential in Eq. (5.11). Introducing the matrices
φa ≡ (φ ia j) and Da ≡ (Daij) this potential can be written as
V =
1
4g2YM
tr (DaDa) , (5.25)
where
Da =
1
2
eτfabc[φ
b, φc] . (5.26)
The flat directions, Da = 0, of this potential, which correspond to unbroken supersymmetry as can
be seen from Eq. (5.9), can be written as
φa = vaσ3 (5.27)
with vacuum expectation values va. The va correspond to elements in the Lie algebra of SU(N)
which can be diagonalised into the Cartan sub-algebra. Generic such diagonal matrices break SU(N)
to U(1)N−1, while larger unbroken groups are possible for non-generic choices. Looking at the scalar
field masses induced from the D-term in such a generic situation, we have one massless scalar for each
of the non-Abelian gauge fields which is absorbed as their longitudinal degree of freedom. For each
of the N −1 unbroken Abelian gauge fields, we have all three associated scalars massless, as must be
the case from supersymmetry. This situation corresponds exactly to what happens when the orbifold
singularity is blown up. We can, therefore, see that within our supergravity construction blowing-up
is encoded by the D-term. Further, the Abelian gauge fields in SU(N) correspond to (a truncated
version of) the massless vector fields which arise from zero modes of the M-theory three-form on a
blown-up orbifold, while the 3(N − 1) scalars in the Abelian vector fields correspond to the blow-up
moduli.
6 Discussion and outlook
In this paper, we have constructed the effective supergravity action for M-theory on the orbifold
C
2/ZN ×R1,6, by coupling 11-dimensional supergravity, constrained in accordance with the orbifold-
ing, to SU(N) super-Yang-Mills theory located on the seven-dimensional fixed plane of the orbifold.
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We have found that the orbifold-constrained fields of 11-dimensional supergravity, when restricted
to the orbifold plane, fill out a seven-dimensional supergravity multiplet plus a single U(1) vector
multiplet for N > 2 and three U(1) vector multiplets for N = 2. The seven-dimensional action on
the orbifold plane, which has to be added to 11-dimensional supergravity, couples these bulk degrees
of freedom to genuine seven-dimensional states in the SU(N) multiplet. We have obtained this
action on the orbifold plane by “up-lifting” information from the known action of N = 1 Einstein-
Yang-Mills supergravity and identifying 11- and 7-dimensional degrees of freedom appropriately. The
resulting 11-/7-dimensional theory is given as an expansion in the parameter h = κ5/9/gYM, where
κ is the 11-dimensional Newton constant and gYM is the seven-dimensional SU(N) coupling. The
bulk theory appears at zeroth order in h, and we have determined the complete set of leading terms
on the orbifold plane which are of order h2. At order h4 we encounter a singularity due to a delta
function square, similar to what happens in Horˇava-Witten theory [3]. As in Ref. [3], we assume
that this singularity will be resolved in full M-theory, when the finite thickness of the orbifold plane
is taken into account, and that it does not invalidate the results at order h2.
While we have focused on the A-type orbifolds C2/ZN , we expect our construction to work
analogously for the other four-dimensional orbifolds of ADE type. Our result represents the proper
starting point for compactifications of M-theory on G2 spaces with singularities of the type C
2/ZN ×
B, where B is a three-dimensional manifold. We consider this to be the first step in a programme,
aiming at developing an explicit supergravity framework for “phenomenological” compactifications
of M-theory on singular G2 spaces. A further important step would be to couple to our action a
four-dimensional N = 1 action, describing the matter fields on conical singularities. The structure
of such a coupled supergravity in eleven, seven and four dimensions is currently under investigation.
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Appendix
A Spinor Conventions
In this section, we provide the conventions for gamma matrices and spinors in eleven, seven and four
dimensions and the relations between them. This split of eleven dimensions into seven plus four arises
naturally from the orbifolds R1,6 × C2/ZN which we consider in this paper. We need to work out
the appropriate spinor decomposition for this product space and, in particular, write 11-dimensional
Majorana spinors as a product of seven-dimensional symplectic Majorana spinors with an appropri-
ate basis of four-dimensional spinors. We denote 11-dimensional coordinates by (xM ), with indices
M,N, . . . = 0, . . . , 10. They are split up as xM = (xµ, yA) with seven-dimensional coordinates xµ,
where µ, ν, . . . = 0, . . . , 6, on R1,6 and four-dimensional coordinates yA, where A,B, . . . = 7, . . . , 10,
on C2/ZN .
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We begin with gamma matrices and spinors in 11-dimensions. The gamma-matrices, ΓM , satisfy
the standard Clifford algebra
{ΓM ,ΓN} = 2gMN , (A.1)
where gMN is the metric on the full space R1,6 × C2/ZN . We define the Dirac conjugate of an
11-dimensional spinor Ψ to be
Ψ¯ = iΨ†Γ0. (A.2)
The 11-dimensional charge conjugate is given by
ΨC = B−1Ψ∗, (A.3)
where the charge conjugation matrix B satisfies [30]
BΓMB−1 = ΓM∗, B∗B = 132. (A.4)
In this work, all spinor fields in 11-dimensions are taken to satisfy the Majorana condition, ΨC = Ψ,
thereby reducing Ψ from 32 complex to 32 real degrees of freedom.
Next, we define the necessary conventions for SO(1, 6) gamma matrices and spinors in seven
dimensions. The gamma matrices, denoted by Υµ, satisfy the algebra
{Υµ,Υν} = 2gµν , (A.5)
where gµν is the metric on R
1,6. The Dirac conjugate of a general eight complex component spinor
ψ is defined by
ψ¯ = iψ†Υ0 . (A.6)
In seven dimensions, the charge conjugation matrix B8 has the following properties [30]
B8Υ
µB−18 = Υ
µ∗, B∗8B8 = −18 . (A.7)
The second of these relations implies that charge conjugation, defined by
ψc = B−18 ψ
∗ (A.8)
squares to minus one. Hence, one cannot define seven-dimensional SO(1, 6) Majorana spinors. How-
ever, the supersymmetry algebra in seven dimensions contains an SU(2) R-symmetry and spinors can
be naturally assembled into SU(2) doublets ψi, where i, j, . . . = 1, 2. Indices i, j, . . . can be lowered
and raised with the two-dimensional Levi-Civita tensor ǫij and ǫ
ij, normalized so that ǫ12 = ǫ21 = 1.
With these conventions a symplectic Majorana condition
ψi = ǫijB
−1
8 ψ
∗j , (A.9)
can be imposed on an SU(2) doublet ψi of spinors, where we have defined ψ∗i ≡ (ψi)∗. All seven-
dimensional spinors in this paper are taken to be such symplectic Majorana spinors. Further, in
computations with seven-dimensional spinors, the following identities are frequently useful,
χ¯iΥµ1...µnψj = (−1)n+1ψ¯jΥµn...µ1χi, (A.10)
χ¯iΥµ1...µnψi = (−1)nψ¯iΥµn...µ1χi. (A.11)
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Finally, we need to fix conventions for four-dimensional Euclidean gamma matrices and spinors.
Four-dimensional gamma matrices, denoted by γA, satisfy
{γA, γB} = 2gAB , (A.12)
with the metric gAB on C
2/ZN . The chirality operator, defined by
γ = γ7γ8γ9γ10 , (A.13)
satisfies γ2 = 14. The four-dimensional charge conjugation matrix B4 satisfies the properties
B4γ
AB−14 = γ
A∗ , B∗4B4 = −14 . (A.14)
It will often be more convenient to work with complex coordinates (zp, z¯p¯) on C2/ZN , where p, q, . . . =
1, 2 and p¯, q¯, . . . = 1¯, 2¯. In these coordinates, the Clifford algebra takes the well-known “harmonic
oscillator” form
{γp, γq} = 0 , {γp¯, γ q¯} = 0 , {γp, γ q¯} = 2gpq¯ , (A.15)
with creation and annihilation “operators” γp and γp¯, respectively. In this new basis, complex
conjugation of gamma matrices (A.14) is described by
B4γ
p¯B−14 = γ
p∗ , B4γ
pB−14 = γ
p¯∗ . (A.16)
A basis of spinors can be obtained by starting with the “vacuum state” Ω, which is annihilated by
γp¯, that is γp¯Ω = 0, and applying creation operators to it. This leads to the three further states
ρp =
1√
2
γpΩ , Ω¯ =
1
2
γ1γ2Ω . (A.17)
In terms of the gamma matrices in complex coordinates, the chirality operator γ can be expressed
as
γ = −1 + γ1¯γ1 + γ2¯γ2 − γ1¯γ1γ2¯γ2 . (A.18)
Hence, the basis (Ω, ρp, Ω¯) consists of chirality eigenstates satisfying
γΩ = −Ω , γΩ¯ = −Ω¯ , γρp = ρp . (A.19)
For ease of notation, we will write the left-handed states as (ρi) = (ρ1, ρ2), where i, j, . . . = 1, 2 and
the right-handed states as (ρı¯) = (Ω, Ω¯) where ı¯, ¯, . . . = 1¯, 2¯. Note, it follows from Eq. (A.16) that
B−14 Ω
∗ = Ω¯ , B−14 ρ
1∗ = ρ2 . (A.20)
Hence ρi and ρı¯ each form a Majorana conjugate pair of spinors with definite chirality.
We should now discuss the four plus seven split of 11-dimensional gamma matrices and spinors.
It is easily verified that the matrices
Γµ = Υµ ⊗ γ , ΓA = 18 ⊗ γA, (A.21)
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satisfy the Clifford algebra (A.1) and, hence, constitute a valid set of 11-dimensional gamma-matrices.
Further, it is clear that an 11-dimensional charge conjugation matrix B can be obtained from its
seven- and four-dimensional counterparts B8 and B4 by
B = B8 ⊗B4 . (A.22)
A general 11-dimensional Dirac spinor Ψ can now be expanded in terms of the basis (ρi, ρı¯) of
four-dimensional spinors as
Ψ = ψi(x, y) ⊗ ρi + ψ¯(x, y)⊗ ρ¯ , (A.23)
where ψi and ψ¯ are four independent seven-dimensional Dirac spinors. Given the properties of the
four-dimensional spinor basis under charge conjugation, a Majorana condition on the 11-dimensional
spinor Ψ simply translates into ψi and ψ¯ each being symplectic SO(1, 6) Majorana spinors.
B Some group-theoretical properties
In this section we summarize some group-theoretical properties related to the coset spaces SO(3, n)/
SO(3)× SO(n) of seven-dimensional EYM supergravity. We focus on the parameterization of these
coset spaces in terms of 11-dimensional metric components, which is an essential ingredient in re-
writing 11-dimensional supergravity, truncated on the orbifold, into standard seven-dimensional EYM
supergravity language.
We begin with the generic C2/ZN orbifold, where N > 2 and n = 1, so the relevant coset
space is SO(3, 1)/SO(3). In this case, it is convenient to use complex coordinates (zp, z¯p¯), where
p, q, . . . = 1, 2 and p¯, q¯, . . . = 1¯, 2¯, on the orbifold. After truncating the 11-dimensional metric to be
independent of the orbifold coordinates, the surviving degrees of freedom of the orbifold part of the
metric can be described by the components ep
p of the vierbein, see Eqs. (2.7)–(2.16). Extracting the
overall scale factor from this, we have a determinant one object vp
p, together with identifications by
SU(2) gauge transformations acting on the tangent space index. Hence, vp
p should be thought of as
parameterizing the coset SL(2,C)/SU(2). This space is indeed isomorphic to SO(3, 1)/SO(3). To
work this out explicitly, it is useful to introduce the map f defined by
f(u) = uIσ
I (B.1)
which maps four-vectors uI , where I, J, . . . = 1, . . . , 4, into hermitian matrices f(u). Here the
matrices σI and their conjugates σ¯I are given by
(σI) = (σu,12) , (σ¯
I) = (−σu,12) , (B.2)
where the σu, u = 1, 2, 3, are the standard Pauli matrices. They satisfy the following useful identities
tr
(
σI σ¯J
)
= 2ηIJ , (B.3)
tr
(
σ¯Iσ(J σ¯|K|σL)
)
= 2
(
ηIJηKL + ηILηJK − ηIKηJL) , (B.4)
where I, J, . . . indices are raised and lowered with the Minkowski metric (ηIJ ) = diag(−1,−1,−1,+1).
A key property of the map f is that
uIu
I = det(f(u)) (B.5)
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for four-vectors uI . This property is crucial in demonstrating that the map F defined by
F (v)u = f−1
(
vf(u)v†
)
(B.6)
is a group homeomorphism F : SL(2,C) → SO(3, 1). Solving explicitly for the SO(3, 1) images
ℓI
J = (F (v))I
J one finds
ℓI
J =
1
2
tr
(
σ¯Ivσ
Jv†
)
. (B.7)
This map induces the desired map SL(2,C)/SU(2) → SO(3, 1)/SO(3) between the cosets.
The structure is analogous, although slightly more involved, for the orbifold C2/Z2, where n = 3
and the relevant coset space is SO(3, 3)/SO(3)2 . In this case, it is more appropriate to work with
real coordinates yA on the orbifold, where A,B, . . . = 7, 8, 9, 10. The orbifold part of the truncated
11-dimensional metric, rescaled to determinant one, is then described by the vierbein vA
A in real
coordinates, which parameterizes the coset SL(4,R)/SO(4). The map f now identifies SO(3, 3)
vectors u with elements of the SO(4) Lie algebra according to
f(u) = uIT
I , (B.8)
where T I , with I, J, . . . = 1, . . . , 6 is a basis of anti-symmetric 4 × 4 matrices. We would like to
choose these matrices so that the first four, T 1, . . . , T 4 correspond to the Pauli matrices σ1, . . . , σ4
of the previous N > 2 case, when written in real coordinates. This ensures that our result for N = 2
indeed exactly reduces to the one for N > 2 when the additional degrees of freedom are “switched
off” and, hence, the action for both cases can be written in a uniform language. It turns out that
such a choice of matrices is given by
T 1 =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 , T 2 =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 , (B.9)
T 3 =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 , T 4 =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 . (B.10)
The two remaining matrices can be taken as
T 5 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 , T 6 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 , (B.11)
Note that T 1,2,3 and T 4,5,6 form the two sets of SU(2) generators within the SO(4) Lie algebra. We
may introduce a “dual” to the six T I matrices, analogous to the definition of the σ¯I matrices of the
N > 2 case, which will prove useful in many calculations. We define
(
T
I
)AB
= −1
2
(
T I
)
CD
ǫABCD (B.12)
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which has the simple form
(T
I
) = (T u,−Tα), (B.13)
where u, v, . . . = 1, 2, 3 and α, β, . . . = 4, 5, 6. Indices I, J, . . . are raised and lowered with the metric
(ηIJ) = diag(−1,−1,−1,+1,+1,+1). The matrices T I satisfy the following useful identities
tr
(
T I T
J
)
= 4ηIJ , (B.14)(
T I
)
AB
(
T J
)
CD
ηIJ = 2ǫABCD, (B.15)
(T u)AB (T
v)CD δuv = δACδBD − δADδBC − ǫABCD, (B.16)
(Tα)AB(T
β)CDδαβ = δACδBD − δADδBC + ǫABCD. (B.17)
Key property of the map f is
(uIu
I)2 = det(f(u)) (B.18)
for any SO(3, 3) vector uI . This property can be used to show that the map F defined by
F (v)u = f−1
(
vf(u)vT
)
(B.19)
is a group homeomorphism F : SL(4,R)→ SO(3, 3). Solving for the SO(3, 3) images ℓIJ = (F (v))I J
one finds
ℓI
J =
1
4
tr
(
T¯IvT
JvT
)
. (B.20)
This induces the desired map between the cosets SL(4,R)/SO(4) and SO(3, 3)/SO(3)2.
C Einstein-Yang-Mills supergravity in seven dimensions
In this section we will give a self-contained summary of minimal, N = 1 Einstein-Yang-Mills (EYM)
supergravity in seven dimensions. Although the theory may be formulated in two equivalent ways,
here we treat only the version in which the gravity multiplet contains a three-form potential Cµνρ
[27], rather than the dual formulation in terms of a two-index antisymmetric field Bµν which has
been studied in Refs. [25, 31]. This three-form formulation is better suited for our application to
M-theory. The theory has an SU(2) rigid R-symmmetry that may be gauged and the resulting
massive theories were first constructed in Refs. [26, 32, 33]. The seven-dimensional supergravities
we obtain by truncating M-theory are not massive and, for this reason, we will not consider such
theories with gauged R-symmetry. The seven-dimensional pure supergravity theory can also be
coupled to M vector multiplets [27, 34, 35, 36], transforming under a Lie group G = U(1)n × H,
where H is semi-simple, in which case the vector multiplet scalars parameterize the coset space
SO(3,M)/SO(3) × SO(M). In this Appendix, we will first review seven-dimensional N = 1 EYM
supergravity with such a gauge groupG. This theory is used in the main part of the paper to construct
the complete action for low-energy M-theory on the orbifolds R1,6 × C2/ZN . The truncation of M-
theory on these orbifolds to seven dimensions leads to a d = 7 EYM supergravity with gauge group
U(1)n × SU(N), where n = 1 for N > 2 and n = 3 for N = 2. Here, the U(1)n part of the gauge
group originates from truncated bulk states, while the SU(N) non-Abelian part corresponds to the
additional states which arise on the orbifold fixed plane. Since we are constructing the coupled
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11-/7-dimensional theory as an expansion in SU(N) fields, the crucial building block is a version of
d = 7 EYM supergravity with gauge group U(1)n × SU(N), expanded around the supergravity and
U(1)n part. This expanded version of the theory is presented in the final part of this Appendix.
C.1 General action and supersymmetry transformations
The field content of gauged d = 7, N = 1 EYM supergravity consists of two types of multiplets. The
first, the gravitational multiplet, contains a graviton gµν with associated vielbein eµ
ν , a gravitino ψiµ,
a symplectic Majorana spinor χi, an SU(2) triplet of Abelian vector fields Aµ
i
j with field strengths
F ij = dA
i
j, a three form field Cµνρ with field strength G = dC, and a real scalar σ. So, in summary
we have (
gµν , Cµνρ, Aµ
i
j, σ, ψ
i
µ, χ
i
)
. (C.1)
Here, i, j, . . . = 1, 2 are SU(2) R-symmetry indices. The second type is the vector multiplet, which
contains gauge vectors Aaµ with field strengths F
a = DAa, gauginos λai and SU(2) triplets of real
scalars φaij . In summary, we have (
Aaµ, φ
ai
j, λ
ai
)
, (C.2)
where a, b, . . . = 4, . . . ,M + 3 are Lie algebra indices of the gauge group G.
It is sometimes useful to combine all vector fields, the three Abelian ones in the gravity multiplet
as well as the ones in the vector multiplets, into a single SO(3,M) vector
(AI˜µ) =
(
Aµ
i
j , A
a
µ
)
, (C.3)
where I˜ , J˜ , . . . = 1, . . . ,M + 3. Under this combination, the corresponding field strengths are given
by
F I˜µν = 2∂[µA
I˜
ν] + fJ˜K˜
I˜AJ˜µA
K˜
ν , (C.4)
where fbc
a are the structure constants for G and all other components of fJ˜K˜
I˜ vanish.
The coset space SO(3,M)/SO(3) × SO(M) is described by a (3 +M) × (3 +M) matrix L J˜
I˜
,
which depends on the 3M vector multiplet scalars and satisfies the SO(3,M) orthogonality condition
L
J˜
I˜
L
L˜
K˜
ηJ˜L˜ = ηI˜K˜ (C.5)
with (ηI˜ J˜) = (ηI˜ J˜) = diag(−1,−1,−1,+1, . . . ,+1). Here, indices I˜ , J˜ , . . . = 1, . . . , (M+3) transform
under SO(3,M). Their flat counterparts I˜ , J˜ , . . . decompose into a triplet of SU(2), corresponding
to the gravitational directions and M remaining directions corresponding to the vector multiplets.
Thus we can write L
J˜
I˜
→ (LI˜ u, LI˜ a), where u = 1, 2, 3. The adjoint SU(2) index u can be converted
into a pair of fundamental SU(2) indices by multiplication with the Pauli matrices, that is,
LI˜
i
j =
1√
2
LI˜
u (σu)
i
j . (C.6)
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There are obviously many ways in which one can parameterize the coset space SO(3,M)/SO(3) ×
SO(M) in terms of the physical vector multiplet scalar degrees of freedom φa
i
j. A simple parame-
terization of this coset in terms of Φ ≡ (φau) is given by
L
J˜
I˜
=
(
exp
[
0 ΦT
Φ 0
]) J˜
I˜
. (C.7)
In the final paragraph of this appendix, when we expand seven-dimensional supergravity, we will use
a different parameterization, which is better adapted to this task. The Maurer-Cartan form of the
matrix L, defined by L−1DL, is needed to write down the theory. The components P and Q are
given explicitly by
P iµa j = L
I˜
a
(
δK˜
I˜
∂µ + fI˜J˜
K˜AJ˜µ
)
L i
K˜ j
, (C.8)
Q iµ j = L
I˜i
k
(
δK˜
I˜
∂µ + fI˜J˜
K˜AJ˜µ
)
L k
K˜ j
. (C.9)
The final ingredients needed are the following projections of the structure constants
D = if cab L
ai
kL
bj
iL
k
c j ,
Daij = if
d
bc L
bi
kL
ck
jL
a
d ,
D iab j = f
e
cd L
c
a L
d
b L
i
e j. (C.10)
It is worth mentioning that invariance of the theory under the gauge group G and the R-symmetry
group SU(2) requires that the Maurer-Cartan forms P and Q transform covariantly. It can be shown
that this is the case, if and only if the “extended” set of structure constants fI˜J˜
K˜ satisfy the condition
fI˜J˜
L˜ηL˜K˜ = f[I˜J˜
L˜ηK˜]L˜. (C.11)
For any direct product factor of the total gauge group, this condition can be satisfied in two ways.
Either, the structure constants are trivial, or the metric ηI˜ J˜ is the Cartan-Killing metric of this factor.
In our particular case, the condition (C.11) is satisfied by making use of both these possibilities. The
structure constants vanish for the “gravitational” part of the gauge group and the U(1)n part within
G. For the semi-simple part H of G, one can always choose a basis, so its Cartan-Killing metric is
simply the Kronecker delta.
With everything in place, we now write down the Lagrangian for the theory. Setting coupling
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constants to one, and neglecting four-fermi terms, it is given by [27]
e−1LYM = 1
2
R− 1
2
ψ¯iµΥ
µνρDˆνψρi − 1
96
e4σGµνρσG
µνρσ − 1
2
χ¯iΥµDˆµχi − 5
2
∂µσ∂
µσ
+
√
5
2
(
χ¯iΥµνψµi + χ¯
iψνi
)
∂νσ + e
2σGµνρσ
[
1
192
(
ψ¯iλΥ
λµνρστψτi + 12ψ¯
µiΥνρψσi
)
+
1
48
√
5
(
4χ¯iΥµνρψσi − χ¯iΥµνρστψτi
)− 1
320
χ¯iΥµνρσχi
]
− 1
4
e−2σ
(
L i
I˜ j
L j
J˜ i
+ La
I˜
LJ˜a
)
F I˜µνF
J˜µν − 1
2
λ¯aiΥµDˆµλai − 1
2
P aiµ jP
µ j
a i
− 1√
2
(
λ¯aiΥµνψµj + λ¯
aiψνj
)
P jνa i +
1
192
e2σGµνρσλ¯
aiΥµνρσλai
− ie−σF I˜µνL jI˜ i
[
1
4
√
2
(
ψ¯iρΥ
µνρσψσj + 2ψ¯
µiψνj
)
+
3
20
√
2
χ¯iΥµνχj
− 1
4
√
2
λ¯aiΥµνλaj +
1
2
√
10
(
χ¯iΥµνρψρj − 2χ¯iΥµψνj
)]
+ e−σF I˜µνLI˜a
[
1
4
(
2λ¯aiΥµψνi − λ¯aiΥµνρψρi
)
+
1
2
√
5
λ¯aiΥµνχi
]
+
5
180
e2σ
(
D2 − 9DaijD ja i
)
− i√
2
eσD iab j λ¯
ajλbi +
i
2
eσD ia j
(
ψ¯jµΥ
µλai +
2√
5
χ¯jλ ai
)
+
1
60
√
2
eσD
(
5ψ¯iµΥ
µνψνi + 2
√
5ψ¯iµΥ
µχi + 3χ¯
iχi − 5λ¯aiλai
)
− 1
96
ǫµνρσκλτCµνρF
I˜
σκFI˜ λτ . (C.12)
The covariant derivatives that appear here are given by
Dˆµψνi = ∂µψνi + 1
2
Qµi
jψνj − Γρµνψρi +
1
4
ω
µν
µ Υµνψνi, (C.13)
Dˆµχi = ∂µχi + 1
2
Qµi
jχj +
1
4
ω
µν
µ Υµνχi, (C.14)
Dˆµλai = ∂µλai + 1
2
Qµi
jλaj +
1
4
ω
µν
µ Υµνλai + fab
cAbµλci. (C.15)
The associated supersymmetry transformations, parameterized by the spinor εi, are, up to cubic
fermion terms, given by
δσ =
1√
5
χ¯iεi ,
δeµ
ν = ε¯iΥνψµi ,
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δψµi = 2Dˆµεi − 1
80
(
Υ νρσηµ −
8
3
δνµΥ
ρση
)
εiGνρσηe
2σ
+
i
5
√
2
(
Υ νρµ − 8δνµΥρ
)
εjF
I˜
νρL
j
I˜ i
e−σ − 1
15
√
2
eσΥµεiD ,
δχi =
√
5Υµεi∂µσ − 1
24
√
5
ΥµυρσεiGµνρσe
2σ − i√
10
ΥµνεjF
I˜
µνL
j
I˜ i
e−σ +
1
3
√
10
eσεiD ,
δCµνρ =
(
−3ψ¯i[µΥνρ]εi −
2√
5
χ¯iΥµνρεi
)
e−2σ , (C.16)
L i
I˜ j
δAI˜µ =
[
i
√
2
(
ψ¯iµεj −
1
2
δijψ¯
k
µεk
)
− 2i√
10
(
χ¯iΥµεj − 1
2
δijχ¯
kΥµεk
)]
eσ ,
L a
I˜
δAI˜µ = ε¯
iΥµλ
a
i e
σ ,
δL i
I˜ j
= −i
√
2ε¯iλajL
a
I˜
+
i√
2
ε¯kλakL
a
I˜
δij ,
δL a
I˜
= −i
√
2ε¯iλajL
j
I˜ i
,
δλai = −
1
2
ΥµνεiF
I˜
µνL
a
I˜
e−σ +
√
2iΥµεjP
aj
µ i − eσεjDaji .
C.2 A perturbative expansion
In this final section we expand the EYM supergravity of Section C.1 around its supergravity and
U(1)n part. The parameter for the expansion is h := κ7/gYM, where κ7 is the coupling for gravity
and U(1)n and gYM is the coupling for H, the non-Abelian part of the gauge group. To determine
the order in h of each term in the Lagrangian, we need to fix a convention for the energy dimensions
of the fields. Within the gravity and U(1) vector multiplets, we assign energy dimension 0 to bosonic
fields and energy dimension 1/2 to fermionic fields. For the H vector multiplet, we assign energy
dimension 1 to the bosons and 3/2 to the fermions. With these conventions we can write
LYM = κ−27
(L(0) + h2L(2) + h4L(4) + . . .) , (C.17)
where the L(m), m = 0, 2, 4, . . . are independent of h. The first term in this series is the Lagrangian
for EYM supergravity with gauge group U(1)n, whilst the second term contains the leading order
non-Abelian gauge multiplet terms. We will write down these first two terms and provide truncated
supersymmetry transformation laws suitable for the theory at this order.
In order to carry out the expansion, it is necessary to cast the field content in a form where the
H vector multiplet fields and the gravity/U(1)n vector multiplet fields are disentangled. To this end,
we decompose the single Lie algebra indices a, b, . . . = 4, . . . ,M + 3 used in Section C.1 into indices
α, β, . . . = 4, . . . , 3+n that label the U(1) directions and redefined indices a, b, . . . = n+4, . . . ,M +3
that are Lie algebra indices of H. This makes the disentanglement straightforward for most of the
fields. For example, vector fields, which naturally combine into the single entity AI˜µ, can simply be
decomposed as AI˜µ = (A
I
µ, A
a
µ), where A
I
µ, I = 1, . . . , n + 3, refers to the three vector fields in the
gravity multiplet and the U(1)n vector fields, and Aaµ denotes the H vector fields. Similarly, the U(1)
gauginos are denoted by λαi, whilst the H gauginos are denoted by λai. The situation is somewhat
more complicated for the vector multiplet scalar fields, which, as discussed, all together combine into
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the single coset SO(3,M)/SO(3)×SO(M), parameterized by the SO(3,M) matrix L. It is necessary
to find an explicit form for L, which separates the 3n scalars in the U(1)n vector multiplets from the
3(M−n) scalars in the H vector multiplet. To this end, we note that, in the absence of the H states,
the U(1)n states parameterize a SO(3, n)/SO(3)×SO(n) coset, described by (3+n)×(3+n) matrices
ℓI
I = (ℓI
u, ℓI
α). Here, ℓ ≡ (ℓ uI ) are (3 + n)× 3 matrices where the index u = 1, 2, 3 corresponds to
the three “gravity” directions and m ≡ (ℓ αI ) are (3 + n)× n matrices with α = 4, . . . , n+ 3 labeling
the U(1)n directions. Let us further denote the SU(N) scalars by Φ ≡ (φ ua ). Then we can construct
approximate representatives L of the large coset SO(3,M)/SO(3) × SO(M) by expanding, to the
appropriate order in Φ, around the small coset SO(3, n)/SO(3) × SO(n) represented by ℓ and m.
Neglecting terms of cubic and higher order in Φ, this leads to
L =
(
ℓ+ 12h
2ℓΦTΦ m hℓΦT
hΦ 0 1M−n +
1
2h
2ΦΦT
)
. (C.18)
We note that the neglected Φ terms are of order h3 and higher and, since we are aiming to construct
the action only up to terms of order h2, are, therefore, not relevant in the present context.
For the expansion of the action it is useful to re-write the coset parameterization (C.18) and the
associated Maurer-Cartan forms P and Q in component form. We find
LI
i
j = ℓI
i
j +
1
2
h2ℓI
k
lφ
al
kφa
i
j , (C.19)
LI
α = hℓI
α, (C.20)
LI
a = hℓI
i
jφ
aj
i, (C.21)
La
i
j = hφa
i
j , (C.22)
La
α = 0 , (C.23)
La
b = δa
b +
1
2
h2φa
i
jφ
bj
i , (C.24)
Pµα
i
j = pµα
i
j +
1
2
h2pµα
k
lφ
al
kφa
i
j , (C.25)
Pµa
i
j = −hDˆµφaij , (C.26)
Qµ
i
j = qµ
i
j +
1
2
h2
(
φaikDˆµφakj − φakjDˆµφaik
)
, (C.27)
where p and q are the Maurer-Cartan forms associated with the small coset matrix ℓ. Thus
p iµα j = ℓ
I
α∂µℓ
i
I j , (C.28)
q i kµ j l = ℓ
Ii
j∂µℓ
k
I l , (C.29)
q iµ j = ℓ
Ii
k∂µℓ
k
I j . (C.30)
The covariant derivative of the H vector multiplet scalar φa
i
j is given by
Dˆµφ ia j = ∂µφ ia j − q i kµ j lφ la k + f cab Abµφ ic j . (C.31)
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Using the expressions above, it is straightforward to perform the expansion of LYM up to order
h2 ∼ g−2YM. It is given by
LYM= 1
κ27
√−g
{
1
2
R− 1
2
ψ¯iµΥ
µνρDˆνψρi − 1
4
e−2σ
(
ℓ iI jℓ
j
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)
F IµνF
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− 1
96
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2
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2
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+3χ¯iχi − 5λ¯αiλαi
)− 1
96
ǫµνρσκλτCµνρF
a
σκFaλτ
}
. (C.32)
The associated supersymmetry transformations have an expansion similar to that of the Lagrangian.
Thus, the supersymmetry transformation of a field X takes the form
δX = δ(0)X + h2δ(2)X + h4δ(4)X + . . . . (C.33)
We give the first two terms of this series for the gravity and U(1) vector multiplet fields, and just
the first term for the H vector multiplet fields. These terms are precisely those required to prove
that the Lagrangian given in Eq. (C.32) is supersymmetric to order h2 ∼ g−2YM. They are
δσ =
1√
5
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δeµ
ν = ε¯iΥνψµi,
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This completes our review of N = 1 EYM supergravity in seven dimensions.
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